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Aspect ratio [-] 
I. Introduction
Natural convection of Newtonian fluids in enclosed spaces has been studied extensively (e.g. Refs. [1] [2] [3] [4] ) but limited attention directed to non-Newtonian fluids despite their potential applications in cooling of electronics, food and chemical processing, solar and nuclear power systems. Many common man-made and biological fluids exhibit shear-thinning (e.g. ketchup, blood) and shear-thickening (e.g. mixtures of corn starch and water, so-called "bullet-proof" custard) behaviours. For example, aqueous solutions of polymers (e.g. carboxymethyl cellulose, polyethylene oxide, xanthan gum) show a decrease in viscosity with increasing shear rate (i.e. shear-thinning behaviour). Recently, it has been reported in Ref. [5] that 0.1-0.2 % aqueous solutions of xanthan gum exhibit an augmentation of convective heat transfer rate in comparison to water for laminar Rayleigh-Bénard convection in an enclosure. This is in agreement with the findings of several previous studies on laminar Rayleigh-Bénard convection of shear-thinning fluids in enclosures [6] [7] [8] [9] . Power-law model of viscosity was used by the pioneering analysis Ozoe and Churchill [10] to model the shear rate dependence of viscosity for natural convection of both shear-thinning and shear-thickening fluids. Existing literature on natural convection of power-law fluids can be divided in two categories. The first category concentrates on the critical conditions for the onset of convection of power-law fluids [11] [12] [13] . The second category focuses on the effects of Rayleigh and Prandtl numbers on the heat transfer characteristics beyond the critical conditions for the onset of fluid motion [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The specific contributions of the aforementioned references have been summarised in detail in Table 1 . Several investigations belonging to the second category concentrated on the effects of aspect ratio AR (i.e. height to length ratio) and boundary conditions (i.e. constant wall temperature and constant wall heat flux) on natural convection of powerlaw fluids in rectangular enclosures with differentially heated vertical walls [14] . It has been found that the wall boundary condition significantly influences the aspect ratio AR dependence of the mean Nusselt number in the case of natural convection of power-law fluids in rectangular enclosures with differentially heated vertical walls [14] . Recently, Ref. [9] analysed effects of aspect ratio on natural convection of power-law fluids in rectangular enclosures with differentially heated horizontal walls with heated bottom wall (i.e. Rayleigh-Bénard configuration) for constant wall temperature boundary condition. It has been found that convection weakens with increasing aspect ratio and heat transfer takes place purely due to thermal conduction for tall enclosures. Previous analyses [14] [15] [16] [17] (or greater than this value). Thus, the current analysis is conducted for single value of 10 because previous analyses [16, 20] indicated that the mean Nusselt number of power-law fluids remain independent of Prandtl number for ≫ 1. In this respect, the specific objectives of present analysis are:
(i) To indicate the effects of aspect ratio, nominal Rayleigh number and power-law index on Rayleigh-Bénard convection of power-law fluids in rectangular enclosures with differentially heated horizontal walls subjected to constant heat flux.
(ii) To indicate the effects of initial conditions on streamline and isotherm patterns and mean Nusselt number in the aforementioned configuration.
The remainder of the paper will be organised as follows. The information pertaining to mathematical background and numerical implementation are provided in the next two sections, followed by the presentation of results and subsequent discussion. The main findings will be summarised and conclusions will be drawn in the final section of this paper.
II. Mathematical Background
For the power-law model the viscous stress tensor is given as follows:
where / / is the rate of strain tensor, K is the consistency and n is the power-law index and /2 / is the apparent viscosity. The apparent viscosity decreases (increases) with increasing shear rate for 1 ( 1) and thus fluids with 1 ( 1) are referred to as shear-thinning (shear-thickening) fluids, whereas 1 represents Newtonian fluids. The present analysis is conducted in nondimensional form for the purpose of generalization where the spatial co-ordinates, velocity components, pressure, shear stress and temperature are non-dimensionalised in the following manner:
where is the reference velocity scale defined as / , is the reference temperature and ∆ is a reference temperature difference, which is taken to be ∆ / . The temperature at the geometrical centre of the annular enclosure is also taken as reference temperature (i.e. ). Several previous analyses [12, 21] indicate that the temperature dependence of K does not significantly affect the qualitative nature of the temperature and velocity distributions in natural convection of power-law fluids and the variation of in response to Ra and n. Therefore, the thermo-physical properties (e.g. k, c p , n and K) are taken to be temperature independent in the current analysis for the sake of simplicity following several previous analyses [6, 7, 9] . This yields the following non-dimensional forms of conservation equations for power-law fluids with temperature-independent thermophysical properties:
Non-dimensional mass conservation equation
Non-dimensional momentum conservation equations
Non-dimensional energy conservation equation
In Eq. 4 Kronecker's delta ensures that the buoyancy term is operational only in the x 2 direction (i.e. vertical direction) and this term appears due to the Boussinesq assumption [7, 9, 14, 21] . In Eq. 4, and are the nominal Rayleigh and Prandtl numbers, which are defined using the reference temperature difference (∆ / in the following manner:
It is possible to use same constitutive equations (i.e. Eqs. [3] [4] [5] and model with different model of viscosity (i.e.
Herschel-Bulkley) to study other generalised non-Newtonian fluids (e.g. yield stress fluids [27] ). For the present analyses local heat transfer coefficient h is defined as:
Accordingly, mean heat transfer coefficient and the mean Nusselt number are evaluated as: 
III. Numerical Implementation
The steady-state conservation equations (i.e. Eqs. 3-5) are solved iteratively in conjunction with boundary conditions in the context of the finite-volume methodology by using the commercial package ANSYS-FLUENT.
This commercial package has been used successfully in simulating natural convection of power-law fluids in previous studies [14] [15] [16] [17] [18] [19] [20] 27] . A second-order up-wind scheme is used for the discretisation of the convective terms, whereas a second-order central differencing scheme is used for discretisation of the diffusive terms. The wellknown SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) algorithm [28] is used for coupling of the pressure and velocity. The convergence criteria were set to 10 
IV. Validation
The mean Nusselt numbers for laminar Rayleigh-Bénard convection of Newtonian fluids in square enclosures for 10 10 and 0.71 have been compared to the benchmark data [29] in Table 2 . It is evident from Table 2 that an excellent agreement has been achieved between the present results and the benchmark data [29] .
Moreover, the variation of / with for natural convection of power-law fluids in square enclosures with differentially heated vertical side walls subjected to CWT boundary condition has also been compared to the corresponding results presented by Ref. [22] and an excellent agreement was also obtained (see Fig. 2 of Ref.
[23]).
V. Scaling Analysis
Scaling analysis is conducted to elucidate the effects of , , , on laminar Rayleigh-Bénard convection of power-law fluids. The wall heat flux can be scaled as: ∆ ~ ∆ / which leads to ~ /∆ ~ / where , , , represents the ratio of hydro-dynamical and thermal boundary layer thicknesses (i.e.
/ . Accordingly, equating order of magnitudes of the inertial and buoyancy forces in vertical direction (i.e. ~ / ) leads to:
Based on continuity equation (i.e. / ~ / one obtains:
Similarly, equating the order of magnitudes of inertial and viscous resistance ( / ~ / 1/ and / ~ / 1/ where and are the hydro-dynamic boundary layer thicknesses on vertical and horizontal walls respectively) one obtains:
Using Eq. 11, the effective viscosity can be estimated in the vertical (horizontal) boundary layers as: for shear-thinning (i.e. 1) fluids for 1. It is worth noting that the scaling estimates shown above should be considered in an order of magnitude sense for explaining the trends observed from numerical simulations.
VI. Results and Discussion
A. Effects of nominal Rayleigh number and power-law index
The variations of non-dimensional temperature ( / ) along the vertical mid-plane ( / ) and non-dimensional vertical velocity component ( / along the horizontal mid-plane ( / ) are shown in Fig. 2 for different values of and at 0.25 and 10 . Figure 2 shows that the magnitude of increases with increasing (decreasing) values of ( ). This indicates that thermal convection strengths with increasing (decreasing) values of ( ) due to diminished viscous resistance with shear-thinning behaviour. This also can be confirmed from the scaling relation given by Eq. 12 , which indicates that increases in both vertical ( ) and horizontal ( ) directions with increasing (decreasing) values of ( ) for a given set of values of and . It can be also seen from Fig. 2 that the decreases with increasing (decreasing) values of ( ), which can be explained as follows:
According to Eq. 13 decreases with decreasing . As (i.e. / is expected to decrease with increasing (decreasing) values of ( ) (see Eq. 11), the maximum magnitude of decreases with increasing (decreasing) ( ). Furthermore, the extent of non-linearity of variation with / can be considered as an indicator of the strength of convective transport, whereas the linearity indicates purely thermal conduction. The non-linearity of distribution with / rises with decreasing and this distribution becomes linear for ≫ 1 because heat transfer takes place due to pure condition. The contours of non-dimensional stream functions (Ψ / ) and the non-dimensional isotherms ( / are shown in Fig. 3 for different values of and at 0.25. It is also evident from Fig.3 that the curvature of and magnitude of Ψ increase with increasing (decreasing) ( ). This is found to be consistent with previous findings of Ref. [16] for square enclosures (i.e. 1).
B. Effects of aspect ratio
The variation of with for different values of and is shown in Fig. 4 for representative shear-thinning 
where the first term on the right hand side represents the effects of convective transport, whereas the second term on the right hand side accounts for thermal conduction. Here, and can be scaled in the following manner by using Eqs. 9-11:
Eq. 15 suggests relative weakening (strengthening) of the contribution of ( ) to the overall thermal transport with increasing for both shear-thinning (i.e. 1) and shear-thickening (i.e. 1) fluids. This is because the exponent of in is greater than (i.e. , the distribution of becomes totally parallel to the hot and cold walls. This is qualitatively similar to the previous findings of Ref. [9] in the case of CWT boundary condition. The magnitude of stream functions in the 4 case at 10 is vanishing small so the streamline pattern has no significant importance (it is just numerical noise for the vanishing small magnitudes of Ψ) for this particular case because fluid flow is practically non-existent in this case and heat transfer takes place purely due to conduction which is reflected in the distribution of isotherms parallel to the horizontal walls. Although mostly decreases with increasing , the mean Nusselt number is found to be slightly greater in 0.5 than the value for 0.25 for 5 10 for shear-thinning (i.e. 1) and 10 for Newtonian (i.e. 
C. Effects of initial conditions on mean Nusselt number and flow patterns
It has been demonstrated earlier [9, 30, 31] that the initial conditions significantly affect the steady two-dimensional solutions for Rayleigh-Bernard convection of Newtonian (i.e. 1) and shear-thinning (i.e. for all the scaled residuals regardless of initial conditions. . It is also worth noting that qualitatively similar flow patterns were reported earlier (see Ref. [9] ) even for constant wall boundary conditions for horizontal walls. The non-uniqueness of the steady state solution in this configuration suggests that some of the solutions may not be easily observed in reality under an experimental condition. Figure 7 indicates that flow pattern (i.e. number of cells) changes with increasing (decreasing) ( ) for shear-thinning fluids (i.e. 1), which was also previously reported in [9, 31] . It is also worth noting that the may assume much larger magnitude than its nominal value (i.e. ) for shear-thinning (i.e. 1) fluids since exponent of (i.e. 
D. Onset of convection of power-law fluids
It is well-known that a critical Rayleigh number needs to be exceeded to initiate the fluid motion in the case of Rayleigh-Bénard convection. The critical Rayleigh number is estimated by linear regression of 1 in terms of for Newtonian (i.e. 1) fluids where the instability is super-critical (not shown here but refer to Fig. 8a in Ref. [9] ). In the case of shear-thinning (i.e. 1) fluids, where the instability is sub-critical, the critical Rayleigh number is estimated by reducing nominal Rayleigh number in steps of 50, 250, 1000 for 1, 2 and 4 respectively from an established flow condition where ≫ 1. The quantity 1 jumps abruptly from zero value with an increase in for shear-thinning fluids (i.e. 1) according to the expectation of sub-critical instability (not shown here but refer to Fig. 8a in Ref. [9] ), this is because viscosity remains very large at low shear rate values for shear-thinning fluids (i.e. 1). Table 3 lists the critical Rayleigh number for the onset of convection for shear-thinning and Newtonian fluids. Table 3 shows that decreases with decreasing values of and , which is consistent with previous findings of Ref. [9] for the CWT boundary condition. The critical Rayleigh number values for shearthinning (i.e. 1) and Newtonian (i.e. 1) fluids for square (i.e. 1) enclosures are found to be consistent with the previous findings by Turan et al. [16, 20] . The values of for shear-thinning (i.e.
1)
and Newtonian (i.e. 1) fluids have been parameterized by Ref. [16] in the following manner for laminar Rayleigh-Bénard convection of power-law fluids in square enclosures (i.e. 1) for 10 10 :
Equation 19 [9] ).Thus, the critical Rayleigh number for shear-thickening (i.e.
fluids can be considered as 0 since viscosity remains very small at low shear rate values for shear-thickening fluids (i.e. 1). Therefore, shear-thickening fluids do not experience any resistance to fluid motion once the nominal Rayleigh approaches zero. This is found to be consistent with previous findings [9, 13] . The values of nominal Rayleigh number for which 1.001 for shear-thickening (i.e. 1) fluids are listed in Table 4 . The values of presented in Table 4 (21iii) Figure 9 shows the variations of and with along with the predictions of Eq. 20 and Eq. 21
respectively. It can be seen from Fig. 9 that Eq. 20 and 21 satisfactorily predict the variation of and with for 10 10 .
VII. Conclusions
The . . 
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